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1. Introduction 

It is known that at low energy the world volume modes of M2-branes decouple from 
the eleven-dimensional gravity in the bulk leading to an A/" = 8 superconformal field 
theory in three dimensions. This superconformal theory has an S0{8) R-symmetry 
which can be identified with the geometric 5*0(8) symmetry acting on the eight 
transverse directions of the M2-branes. Although we have understood this theory 
through its symmetries, it was not clear for over a decade how to write a model 
describing three dimensional A/" = 8 superconformal field theory 

In a series of paper Bagger and Lambert [0, ||, [^ and also Gustavsson have 
constructed an action which is consistent with all the symmetries of a 3D TV = 8 
superconformal field theory; namely it is conformal invariant with 16 supercharges 
and has an S0{8) R-symmetry acting on eight scalar fields. Therefore this model 
has the potential to describe the world-volume theory of multiple M2-branes. 

This construction relies on the introduction of an algebraic structure called a "Lie 
3-algebra" characterized by 4-index structure constants, f^^^ £, and a bi-linear metric 
h^^ . The structure constants satisfy a fundamental identity which is essentially a 
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generalization of the Jacobi identity of the Lie 2-algebra. Depending on whether 
the metric is positive definite or indefinite we distinguish two cases: Euchdean and 
Lorentzian theories^. Although the Euclidean theory, originally proposed by Bagger 
and Lambert, can only describe a theory with SO (4) gauge symmetry where J^-^cd _ 
^ABCD^ the Lorentzian theory may be written for any classical Lie algebra P, |3, 0- 
Even though in the original Lorentzian theories there were potential ghost-like 
degrees of freedom, a variant has been proposed that has been argued to be unitary 
and describe multiple M2-branes ||^, |TU|. The argument is as follows. One modifies 
the theory by gauging a shift symmetry for one of the "null" coordinates by 
introducing a gauge field. The other null coordinate X[_ is frozen as a result of the 
equation of motion of the gauge field. Therefore the resultant theory is manifestly 



ghost-free. Indeed, using the Higgs mechanism of Ref. |Tl| it was shown |T^ that 
the theory reduces to maximally supersymmetric Yang-Mills in three dimensions 
whose gauge coupling is the vev of the scalar field. This result indicates that the 
ghost free Lorentzian theory is closely related to SYM theory. However in |jl3[ it 
was shown that starting from maximally supersymmetric 3D Yang-Mills theory and 
using a duality transformation due to de Wit, Nicolai and Samtleben |TB|, |TB|, [T^], 
one can directly obtain the ghost-free Lorentzian 3-algebra theory^. Since it can be 
derived from SYM, the final theory is manifestly equivalent to it on-shell. Though 
it does have enhanced R-symmetry as well as superconformal symmetry off-shell, it 
is the D2-brane theory on-shell for any finite vev of the gauge-singlet scalar field. 

On the other hand at higher orders in a' the world-volume theory of multiple 
D2-branes is believed to be described by some non-Abelian generalization of the 
DBl action. Therefore, one would expect that the 3-algebra theories just represent 
the lowest order of the full effective action describing the world-volume of multiple 
M2-branes. Therefore it should be interesting to study non-linear corrections to 3- 
algebra theories. One straightforward approach is to consider these corrections in the 
context of Lorentzian 3-algebras, where as indicated above they should be derivable 
from the SYM theory. 



Accordingly, in this article we extend the considerations of |]T3[ when higher- 
derivative corrections are taken into account. More precisely starting with the = 8 
supersymmetric Yang-Mills theory on D2-branes and incorporating higher-derivative 



^See Q for an alternative treatment. 

^The same mechanism was subsequently used to derive globally N — 8 supersymmetric actions 
from supergravity p4[ . 
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corrections to lowest nontrivial order, we perform a duality to derive the Lorentzian 
3-algebra theory along with a set of derivative corrections given by non-Abelian 
terms |18[. We will show that these corrections assemble themselves neatly into the 
basic objects of a 3-algebra, namely the 3-bracket and covariant derivatives. This 
holds for both bosonic and fermionic terms and we provide explicit forms for the 
leading correction in both cases. 

Finally we conjecture that the derivative corrections we have obtained here, being 
independent of the details of the 3-algebra, should be relevant for Euclidean 3-algebra 
theories as well. This conjecture in principle enlarges the potential applicability of the 
results in this paper to a wider class of 3-algebras beyond the Lorentzian-signature 
ones. However, because the 3-bracket for us is totally antisymmetric, our results can 
be immediately generalized at this stage only to maximally supersymmetric (A^ = 8) 
Euclidean 3-algebras, of which the sole example is the Bagger-Lambert theory P]. 
It may be possible in the future to extend these considerations to 3-algebra theories 
with lower supersymmetry such as those discussed in Refs.|l^, |20| (see also pT[]). 

The rest of the paper is organized as follows. In section two we will set our no- 
tation by reviewing the construction of Ref.[|T3. In section three we will extend the 
results to incorporate bosonic non-Abelian terms and the corresponding scalar 
terms. In section four we discuss some general features of these higher order cor- 
rections. In section five we obtain the S0{8) covariant fermionic terms to the same 
order in a'. Finally we present a conjecture and our conclusions. 



2. Review 

We would like to consider the maximally supersymmetric interacting super Yang- 
Mills Lagrangian in 2-1-1 dimensions based on an arbitrary Lie algebra Q whose 
bosonic action in leading order is given by: 

£ = Tr (^-^F.^F^'' - ^D.X'D^X' - ^[X\ X^][X^ , X']^ , (2.1) 

Here is a gauge connection on Q. The field strength and the covariant derivatives 
are defined as: 

F^, = d^A, - d,A^ - [A^, A,] and D^ = d^- [A^, ■ ] . (2.2) 

The X*s are seven matrix valued scalar fields transforming as vectors under the SO (7) 
R-symmetry group. 
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In it was shown that this Lagrangian can be brought to the form of the 
Lorentzian Bagger-Lambert or 3-algebra field theory proposed in @, 0, H, or more 
precisely to the "gauged" version of the above theory described in [pi [T0[. Here we 



first review the results of |TB|. 



We proceed by introducing two new fields i?^ and (p thai are adjoints of Q. In 



terms of these new fields the dNS duality transformation [jT5|, |T6|, [T^ is the replace- 
ment: 

Tr (-j^F'^''F,}j ^ Tr Qe^^^S^F,, - ^ {D,<p - gyMB,)'^ . (2.3) 

We see that in addition to the gauge symmetry Q, the new action has a noncompact 
Abelian gauge symmetry that we can call G, which has the same dimension as the 
original gauge group Q. This symmetry consists of the transformations: 

(50 = gvMM , 5B^ = D^M , (2.4) 

where M{x) is an arbitrary matrix, valued in the adjoint of Q. Clearly 5^ is the 
gauge field for the shift symmetries Q. Note that both in Eq. ( |2.3| ) and Eq. ( p.4| ), 
the covariant derivative is the one defined in Eq. ( |2.2| ). 

If one chooses the gauge D^^B^ = to fix the shift symmetry, the degree of 
freedom of the original Yang-Mills gauge field can be considered to reside in 
the scalar (f). In this sense one can think of 4> as morally the dual of the original 

||T^, |T^. Alternatively we can choose the gauge = 0, in which case the same 



degree of freedom resides in S^. The equivalence of the RHS to the LHS of Eq. ([27 
can be conveniently seen by going to the latter gauge. Once (j) = Q then is just 
an auxiliary field and one can integrate it out to find the usual YM kinetic term for 



We can now proceed to study the dNS-duality transformed of the bosonic sector 
of = 8 Yang-Mills theory. Its Lagrangian is: 



C =Tr (^^e^-^'B^F,^ - ^ (D^0 - gvMB^f - ^D^XW^X' 



■^[X\ X^][X^ , X' 



[2.5) 



The gauge-invariant kinetic terms for the eight scalar fields have a potential 
SO (8) invariance, which can be exhibited as follows. First rename (p{x) X^{x). 
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Then the scalar kinetic terms become —\D^X^D^X^, where: 

b^X' = D^X' = d^X' - [A^, X% I = 1,2,..., 7 

b,X' = D^X' - gruB, = d,X^ - [A^, X'] - gyuB, . (2.6) 
Defining the constant 8-vector: 

g'y,, = {{),...,Q,gyM) ^ J = l,2,...,8, (2.7) 
the covariant derivatives can together be written: 

b^X' = D^X' - g'y,,B^ . (2.8) 

One can now uniquely write the SYM action in a form that is S0(8)-invariant 
under transformations that rotate both the fields X^ and the coupling-constant vector 

9ym'- 

C =Tr(^e'^'^^S^F,A - ]-b^X'b^^X' 

Y ^ (2.9) 

- ^ {9ym[X'. X^] + 9'ym[X'', X^] + g^M[X'. X-^]Y) . 

The final step is to replace giy^j by a scalar field X]^ that is constrained to 
be a constant^. This proceeds as described in [|T3| and we will describe it again 



in the following section where we address higher- derivative terms. The fermionic 
contributions also must be added, and these too will be described in what follows. 

3. terms 

The aim of this section is to redo the procedure of the previous section for subleading 
terms of the three dimensional theory. The subleading terms consist of with four 
derivative interactions of the scalar fields. To find the explicit terms we note that the 
leading order terms in the action can be found from reduction of the ten dimensional 
pure gauge Yang-Mills theory. Therefore to get the higher derivative terms for the 
three dimensional theory we will start from ten dimensional terms given by ||18|| ^ 

L(^°) = -Tr 
12 



T? P T^MR jpNS I 1 p T^NR p TTiSM ^ pMAf j^RS 

^MN-fRS-i^ r + -i' MN^ rjisr — -rMN-f J^RS-t 



^ T? w r^MN T^RS 



(3.1) 



^Flux quantization in the original theory impHes the matrix-valued scalars have a periodicity 
^ + X^J.. Wc thank Juan Maldacena for emphasizing this to us. 
^We are using units in which a' = 
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where M, N, S = 0, • ■ • , 9. The aim is now to reduce this action to three di- 
mensions. To do that we decompose the indices to ^, u, p,a = 0, 1, 2 and k, I — 
1, ■ • ■ ,7. Then the Yang- Mills plus terms lead to the following Lagrangian: 



(3.2) 



where 



1YM 



(4) 



F^.Fp^F'^PF'"' + ^F^.F^PFp^F'^'^ - ^F^^F''" F^^F^^ (3.3) 



F^^ D^'X' FP" DpX' + F^^ DpX' F^^ D^X' - 2F^p F^" D^'X' D^X 



IJ,p 



-2F„ F'" D,X' CX- - F„„ F'" D'X' D,X' - -F^„ D^Xt F^ D,X, 



12 V 2 



-— I -Ff,^ F"" X'^ X'^ + -F^^ X'^ F"" X'^ 



(3.4) 



4"^) = ( D^^' D'^X^F^^ + D'^X^ F^^ D^'X' + F^^ D^'X' D" X^ 1 X'^ 



(3.5) 



7-(4) _ 
-^4 — 



12 



D^X' D^X^ D^X' D^X^ + Df,X' D^X^ D^X^ D^X' 
+ D^X' D^X' D^X^ D^'X^ - D^X' D^'X' D^X^ D^X^ (3.6) 



-D^X' D^X^ D^X' D'^X^ 
2 M 



(4) _ 9ym 
~ 12 



- 2X^^ X'^ D^X^ D^'X' - 2X^' X^^ D^X^ D^X' 

- X'^ X'^ D^X^ D^X'' - -X'^ D^X^ X'^ D^X'' 

H' 2 



(3.7) 



r(4) _ 9ym 



12 



■^ij j^kl j^ik j^jl _j_ }ij^ijj^jkj^klj^li J^ij J^^lj^^l 

2 4 



_J^ijj^klj^ijj^kl 

8 



(3.8) 
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Following the previous section the aim is to rewrite the above Lagrangian in 
terms of the new fields, 5^, such that the obtained Lagrangian will be manifestly 
50(8) invariant. It is useful to proceed in two steps. First we simply rewrite the 
Lagrangian in terms of the Poincare dual field strength defined by: 



F, = le^.xF'^' (3.9) 



Note that in our conventions (with a ( h +) metric), the inverse transformation 

is F^j, = —e^i^xF^- Later we will replace F by an independent field that will be 
subjected to constraints via the equations of motion, leading back to the original 
action. 

Replacing F^,^ in terms of everywhere in the preceding Lagrangian, we end 
up with: 



+ + Lf^ + Lf = Tr 



\ F F^ -\ - I F F^F F" -\--F F Ff^F"] 

\— (2F''F^ D^X' D^X' - 2F^'F^ D^X' D^X' + 2F'^F^ D^X' D^X' 

^2gYM \ 



D^X' F^ D^X' - F" D^X' F^ D^X' + F" D^X' F"" D^X^ 

+ —(f^F. X'^ X'^ + -F^" X'^ F„ X'^ 
12\ ' 2 



{f" D^'X' D^X^ + D^X^ F" Df'X' + D^'X' D^X^ F^^X'^ 



(3.10) 



Here we have written only the terms involving F, as the remaining ones L^^^ , L^^^ , L^^^ 
are obviously unaffected by our substitution. 

Let us now perform a dNS duality, as in the previous section, but in the presence 
of the above higher-derivative corrections. Introducing again an independent 1-form 
(matrix- valued) field B^, it is easy to see that the above action can be replaced with 
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one where F appears only in the Chern-Simons interaction F^B^: 



Li^) + ) + + Lit^ = Tr 



+ ^ (^B^B'^B^B'' + ]^B^B,B^B''^ (3.11) 
+ ^ (2B''B^ D^X' D^X' - 2B''B^ D^X' D^X' + 2B>'B'' D^X' D^X' 



+B^ D^X' B^ D.X' - B^ D^X' B„ D^X' + 5^ D^X' B" D^X' 



12 V 2 



9ym 



To show that this substitution is correct, simply integrate out the field B order by 
order (truncating at quartic order, since that is all the input we had to start with) 
using its equation of motion. It is easy to check that this brings the above Lagrangian 
to the form: 



(3.12) 



We now use this form, depending on the new field B^, to rewrite the Lagrangian in 
an 5*0(8) invariant way. For this, introduce the field X* and replace 5^, everywhere 
it occurs, by —-^^{D^X^ — gvAiB^). There is now a shift symmetry as in Eq. ( |2.4| ) 
using which one can set X^ = and we get back to the above action. The utility of 
this transformation will be that in more general gauges, X^ can carry the dynamical 
degree of freedom. 

As explained in Eq s. (|2 . 6| ) , ( p . 7|) , (|2 . 8|) , it is useful to write the coupling constant 
formally as an 8-vector, since this allows us to express all the covariant derivatives 
in a unified manner as D^X^ , I = 1,2,-- - ,8. Then under the above replacement. 
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Eq. (|3l0|) becomes^: 



Tr 



2 M '^p 2 



+ —{D^,X^D^'X^D^X^D''X^ + -D^X^D^X^b^'X^D''X^ 



+ — ( 2D^X« D^X' D^X' - 2D^X» D^X' D" X' 

+2D''x^ b^x^ b^x' b^x' + bf'x^ b^x' b^x^ b^x' 

-b^'x^ b^x' b^x^ b^x' + d^x^ b^x' b^x^ b^x'^ (3.13) 

+^ (^D^x^ i)^,x^ x*^' x'^ + ^bf'x^ x'^ b^x^ x'^^ 

+^ep^^ (^b^x^ D^x^ b'^x^ + b^x^ b^x^ b^x' + b^x' b^x^ b^x^^x'^ 

It is now straightforward, though a httle messy, to see that the leading order 
terms given in equation ( p.lD plus Yll=i L^^^ can be written in the 5*0(8) invariant 
terms as follows: 



Tr 



+— ( b^x^ b^x-^ b^x^ b^x-^ + b^x^ b^x-' b^x-^ b^x^ 
+b^x^ b^x^ b^x-^ b^'x^ - b^x^ i)^x^ b^x^ b^x- 
-\d^x^ b^x-^ D^x^ b^x-^ 

+— i-x^^^ b.x^ x^" b^'x^ + -x^^^ b.x^ x"^ b^x^ 

12 V2 ^ 2 ^ 

_j^LKJ ^LIK jj^j^J j^f^j^I __ ^LKI ^LJK jj ^~^J jjf^j^I 

--x^^^ x^^-^ b^x^ b^'x^ - -x^^^ b.x^ x^" i)^x^ 

3 ^ 6 ^ 

—ep^^bpx^ b^X'^ b'^x^x^-^^ - v{x) 



(3.14) 



where 



X''"" = g'vMiX', X^] + gi^MlX"", X'] + g^,AX', X'] (3.15) 



^Using integration by parts and cyclicity of the trace one can show that the i^^D^X* term 
vanishes. 



- 9 - 



Here V{X) is the potential 
1 



V{X) = —x^J^x^J^ + 



12 9 X 12 



j^NIJ j^NKL -^MIK j^MJL j^g^ 



_|_ \j^NIJ j^MJK ^NKL ^MLI _ }_j^NIJ j^NIJ -^MKL -^MKL 
2 4 

8 

Once we have 50(8) covariance, we are free to replace the fixed vector of coupling 
constants gy^^ by any arbitrary vector with the same modulus. The last step is to 
replace these constants by a set of scalar fields Xl^ and introduce another scalar X[_ 
as well as a gauge field C^'^ with the kinetic term: 

{C^"^ -d^'X[_)d^Xl (3.17) 



As explained in Refs. [jlOl, 0, this has the effect of constraining the vector Xl^ to be 
an arbitrary constant which we can then identify with gyj^. 

Thus the final form of our derivative-corrected action is as in Eqs.( 3.1^) and 
( p. 161 ), with the covariant derivatives replaced by: 



b^X' = d^- [A^, X'] - B^Xl (3.18) 

and the commutator terms Eq. ( p.l5| ) replaced by the Lorentzian 3-algebra triple 
product: 

j^ijK ^ xl[X-^ ,X^]+ Xi[X^ ,X^] + X^[X^ ,X-^] (3.19) 

This must be supplemented, of course, with fermionic terms as well as gauge-fixing 
terms for the various local symmetries. We will discuss the fermions in detail in a 
subsequent section. 

To summarize, in this section we have used dNS duality to re-write the three 
dimensional TV = 8 supersymmetric Yang-Mills theory, including the first nontrivial 
derivative corrections, in a form which is manifestly iS'0(8) invariant. We now turn 
to a discussion of the generality of this result. 



4. Generality of the result and higher order terms 

Encouraged by what we have found, we would like in this section to ask how general 
the result is. Is it true that to any order, the derivative correction computed for M = 
8 SYM in 3d can be re-expressed in S0{8) invariant form? Specifically we wish to 
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understand whether achieving 5*0(8) invariance depends on the specific combination 
of terms appearing in Eq. ( p.l|) . If this is not the case, in other words if enhanced 
5*0(8) is generically present for any higher order terms that one can think of 
writing down in lOd, then it would not be such a miracle. But in fact, as we will 
see below, 5*0(8) enhancement does not hold for generic higher-order corrections. 
The specific combination occurring in Eq. (|3.1|) , which arises from string theory, is 
essential for the result that we found in order F^, and a similar situation is expected 
to hold in higher orders. 

Instead of considering the most general case, we will find it illuminating to start 
with a simplified approach. Consider an Abelian SYM theory in lOd. Let us now 
postulate a generic quartic correction to the lOd Lagrangian, namely: 

= Ai FabF^^FcdF^^ + X, F^F^cF'^nF^A (4-1) 

where we have put arbitrary coefficients in front of the two possible quartic terms. 
(In this section we set qym = 1 for notational simplicity.) After reducing to 3d, the 
field strength terms can be dualized to 1-forms as before (using F^ = ^e^^xF'^^) and 
we find: 

4augc = (4Ai + 2A2) F.F^F^F^ (4.2) 

Note that two different tensor structures in lOd have reduced to the same one in 
3d. This is because of the duality between 1-forms and 2-forms in 3d. On the other 
hand, the terms involving dX are found to be: 

4x = - (8^1 + 4A2) d^X'd^X' F.F" + 4A2 d^X'd.X'F'^F'' 

+ 4Ai df.X'd^'X'd^X^d^X^ + 2A2 d^X'd^X'd^'X^d^X^ (4.3) 

where as usual the indices i,j = 1,2, ■■ • ,7. For the Abelian case Eqns.(^72D,(|4.3|) 
make up the whole reduced action to this order, since commutator terms are absent. 

Now let us ask if the above expression has 5*0(8) invariance after performing dNS 
duality. To quartic order this duality merely replaces everywhere in the quartic 
terms by (as we will see, this is not the the case from order 6 onwards). After 
that, we replace by — (9^X®. The result for the quartic action L^^] = Lgtuge + 
is: 

45 = (4Ai + 2A2) d^X^d^'X^d^X^d^X^ - (8A1 + 4A2) d^X^d^X^d^X^d^X^ 
+4A2 d^X'd^X'd^'X^d'^X^ + 4Ai df,X''d''X''d^X^d''X^ 
+2X2 d^X'd^X'd^'XW''X^ (4.4) 
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Now it is easy to see that the above action is equal to the 5*0(8) invariant combina- 
tion: 

4Ai d^X^d^'X^d^X^d^'X'^ + 2A2 d^X^d^X^d^'X^d^X'^ (4.5) 
where /, J = 1, 2, • ■ • , 8, but only if the following constraint is satisfied: 

A2 = -4Ai (4.6) 

Without this constraint, L^^J cannot be recast in 5*0(8) invariant form. 

In light of this simple computation, we may go back to the previous section 
and see if that computation, specialized to the Abelian case, satisfies our constraint 
above. Once we treat all F's as commuting, we find that the four coefficients in 
Eq. ( |3.1|) collapse to two independent coefficients corresponding to Ai = — and A2 = 
|. Therefore the above constraint is satisfied. This explains why we found 5*0(8) 
invariance in the previous section and makes it clear that this was crucially dependent 
on using the corrections that arise in string theory (which evidently "knows" about 
this constraint) and would not have worked for generic correction terms. 

In fact, for the Abelian case it is an old result |2^ that 5*0(8) invariance 
can be obtained for the full DBI action by performing a duality. We summarize that 
argument here after translating it into our conventions for ease of comparison, and 
presenting in the more "modern" dNS form which admits a non-Abelian generaliza- 
tion. Start with the (2 + l)d DBI action: 



L = - det (g^, + -^F^A (4.7) 
\ 9ym / 

This action is equivalent to the following action involving a new independent field 



To prove equivalence, simply integrate out i?^ from the latter action and recover the 
former action. 

Now noting that in static gauge, g^i^ = rj^i, + d^X''dyX\ and making the replace- 
ment: 

B, ^ -^D,X^ = — {d,X' - B,Xl) (4.9) 

9ym 9ym 

we find that the action Eq. ( [4. 81 ) turns into: 

1 



L = ^e^^^S^F.A - V- det(r7^. + D^X^D.X^) (4.10) 
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Hence SO {8) invariance is achieved. It is easily seen that this subsumes the special 
(quartic, Abelian) case that we discussed at the beginning of this section. 

The considerations in this section support our conjecture that the entire non- 
Abelian D2-brane action can be recast in 5*0(8) invariant form, and constitute an 
important (though long- known) consistency check on it, since if it works for the non- 
Abelian case then it must necessarily work for the Abelian reduction. But to prove 
the (non-Abelian) conjecture in general is more difficult, essentially because the full 
non- Abelian D-brane action is not yet known. Having treated the bosonic terms to 
lowest nontrivial order in a', we next turn to treatment of the fermionic terms. 

5. Fermionic terms 

The fermionic terms of the action can also be obtained from 10 dimensional super- 
symmetric gauge theory reduced to three dimensions. To do this we first need the 
super symmetrized DBI action at a'^ level. Then we may reduce the fermionic terms 
to three dimension in the same way as we have done for the bosonic part in a pre- 
vious section. The aim would be to rewrite the resulting fermionic terms in 150(8) 
invariant form. 

Let us start with the Abelian case, which has essentially been treated in the 
older literature. We will provide a re-derivation which stresses more explicitly the 
promotion to 5*0(8) invariance. This will be a guide in studying the non-Abelian 
case. Start with the following DBI Lagrangian in 10 dimensions | J24| : 




(5.2) 



which can be rewritten as: 





(5.3) 



This can now be re-expressed as: 




(5.4) 
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where: 



= — 2\T[^d,y] \ — 2d[^X''XT'^d^]\ 
D^X' = d^X' - XVd^X (5.5) 

Now following the result in Ref . p4|j , the above action is dual to: 
1 „.,„/„ 1 



(b^ - -^d^X')j^,p -J- det(G^, + D^XW^Xi) (5.6) 
^ ^ 9ym ^ ^ 



where 



D^X' = d^X'~gYMB, (5.7) 



and Dfj,X^ = D^X'^, i = 1, ■ ■ ■ ,7 which was defined above. 

This expression does not look 5*0(8) invariant, both for the Chern-Simons term 
and the covariant derivative, but we can argue that in fact both these are iS'0(8) 
invariant. First consider the covariant derivatives. For the QymB^ term we proceed 
as was explained for the bosonic case. However, the fermionic term which appears 
in -D^X* is absent in D^X^. This seems to pose a problem for 5*0(8) invariance. In 
fact, the quantity: 

n; = dxi - xvd.x (5.8) 

is a supercovariant quantity which occurs in many formulae. So the question is to 
understand why 

Ul = d,X^ - XT^d^X (5.9) 
does not appear. This would be required to form the 50(8) vector Tl^ 



As explained in Ref.||25|, because we are in static gauge both with respect to coor- 
dinate transformations and supersymmetries, the fermion A is really a 16-component 
fermion descending from the 32-component fermion 9 in the covariant D-brane for- 
malism. Starting with the original fermionic variable 9 we define: 

^i = i(i + r8)^, e, = ]^{i-T^)e (5.10) 



(what we call is referred to as F^^ in Ref. p5| ) . Then static gauge is chosen by 
putting ^2 = 0, and rename 6*1 as A. Hence: 

F^A = A (5.11) 
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It follows that: 

XT'd^\ = Xd,X=^d^{XX) (5.12) 
(using the identity Ax = xA for Majorana-Weyl spinors in lOd). Therefore: 

nJ = a,(x«-i(AA)) (5.13) 

and the second term can be removed by a shift of X^. This explains why the covariant 
derivatives are in fact 5*0(8) covariant. 

For the Chern-Simons term something similar happens. The extra term com- 
pared to the bosonic case is proportional to: 

e'"'pdi,x^(Xr^dpX + d^x'xrdpX^ (5.14) 

Consider the first term in the above expression. To make it covariant we would like 
to write it as: 

e^'^fd^.X^ Xr^dpX = e^-'PdpX^ XT^T^dpX e^^^^^X^ AF^r^^pA (5.15) 

where the first step is an identity (because F^A = A) and in the second step we have 
added a piece: 

e'^'PdpX'Xr^rdpX (5.16) 

As we now show, this extra piece is equal to zero, which justifies adding it to make 
the above term S0{8) covariant. We have: 

e^^PdpX' XT^rdpX = ^e'^^'d^X' A(F,F^ - rT,)dpX 

= ^e^'"'d,X^dp(X{T,r - FT.) a) (5.17) 

which is zero on integration by parts. (Here we have used the identity AF*^^x = 
XF^^^A).) 

Things work similarly for the second term in Eq. ( |5.14| ): 

d^X^d^X' XrOpX = d^X^d^X' AFT^^pA (5.18) 
To make this covariant we need to add: 

^d^x'd.x^ xr^dpX = ^dpX'd.x^ dp (xr^x^ (5.19) 
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but this is again zero on partial integration. Thus we have shown that the Abehan 
fermionic Chern-Simons terms can be written in 5*0(8) invariant form as: 

e>"'Pdf,X^ (Ar^r^a^A + ^d,X-^ XT^-^dpX^ (5.20) 

Turning now to the non-Abehan case of interest to us, the relevant fermionic 
terms at a'^ level in ten dimensional supersymmetric gauge theory are given by 



26, 27 



L,er = Str^Ar^DMA + '-XYmD^^XF^^^Fun - '-XTmnrDsXF'''' F^' 

^ XT^^D^XXTnDmX). (5.21) 



16 

We proceed as follows. First reduce the action to 3 dimensions and then try to 
rewrite the obtained action in an S0{8) invariant form. Of course one also needs to 
take the symmetrized trace Str. We note however that the first term is easy to deal 
with. In fact, dimensionally reducing to three dimensions one gets 



XT^'D^X + gYM\r[X\X]], (5.22) 



H 

which can be written as follows: 

^Tr (^XT^D^X + hr'-'lX', , X]^ , (5.23) 

where 

[X', X\ X] = gi^MlX', X] - g'YM[X\ A]. (5.24) 
The last term in Eq. (|5.21|) can also be reduced to three dimensions, leading to 

-^Str (^Ar^D^'A XV^D.X + gyM^T'D^X XV,[X\ X] + gYM\T^[X\ X] XVD^X 
+glj,,Xr[X\X]XV[X\X]\ (5.25) 



Using our notation the above action can be recast in the following 5'0(8) invariant 
form 

-^Str {XV^^D'^X XV A + \glM>^^"\X'' . X\ X] Ar^^[X^ X\ X] 



^Hcre we have not considered terms like _FArAArA which from the string theory point of view 
are of order of a'^g^ while the terms we are considering are of order of a'^g^ . For details see p6|, [27|. 
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+^Ar'^[X^ X\ A] Ar^D^A + ^Ar^'^D'^A Ar^X^ X^, A]^ (5.26) 

Of course we still need to take the symmetrized trace Str. 

The second and third terms in Eq. (|5.21 ) are more involved. For these terms it 
is useful to first expand the Str (of course at the end we will again rewrite the action 
in terms of Str). Doing so, we get 



3! 



4 o 



-Ai Miy AtRMf — — Ai hrivRlJsAr r 



4 

+4 more pairs obtained from permutations of Fmn and A 



. (5.27) 



We note, however, that to reduce and convert the obtained action to the 5*0(8) 
invariant terms we do not need the four extra pairs coming from the permutations. 
As soon as we get the 5*0(8) invariant from of the first two pairs, the others can be 
obtained by an obvious permutation of A's and DX-^^s. So in what follows we just 
concentrate on the first two pairs. 

Reducing the above part of the fermionic action from the first two pairs, one 
finds: 



3! 



> ^ XTf^D^X F^PFp^ - Xr^D^X D^'X^D^X^ —XT'D^X D^X^Fp^ 



4:\gYM ' ' _ ' 9ym 

- gYMXrO'^X X'^D^X^ + XTp[X^, X] F^PDpX^ 

- gYMXr[X^, X] DPX'D^X^ + gl^,XT^[X^, XlD'^X'x'^ 

+ gl.^,xr[x^,x]x^'x'^ 



^ XTp^pD^X F'^'F"'' + XT^,p[X\ A] Ff^^D^X' - ^AF^.^D^A F^-D'^X' 



o 19ym gvM 

+ gYMXTp,i[X\ A] F>^-X'^ + ^Ar^,,D^A D'^X^F"'^ 

gvM 

+ 2gYMXVpjp[X\ X] D^XW^X'^ - 2Ar^,,D.A D^^XW^X' 

+ 2g'y^,XTpji[X'', X] D^X^X'^ + Ar,,,D.A X'^ F^'^ 

+ g^y^XT,,p[X\ A] X^W^X'' - gYMXT^^iD^X X'WX' 

+ c/^^A^iJ^[X^ A] X'JX^^Yj + (^the same terms with F ^F 



(5.28) 



Now the task is to rewrite these terms in 5*0(8) invariant form. To do this, 
following the procedure of the previous section we should first dualize F to B field 
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and then use the shift symmetry to replace B by DX^. Using the properties of 3D 
gamma matrices and dropping terms which are zero on shell'' one arrives at 

-Str 2XT^T^^D^XD''X^D''X-^ - 2\V ^D'^XD^'X^ D^X^ (5.29) 
8 

+XT^-^^^DA X^'^^D'^X^ - XT^-^D^X X^-'^D'^X^ 
-2XT'^[X\ X^, X]ID^X^b^X^ - 2X[X\ X\ X]b^X^b^X'^ 

-2XT^"'[x^, x\ x]b^x^b^X'^ - 2Ar^^r"[x^, x^, xjb^'x^b^x^ 
+Ar^r^'^[x^, x^, x]b>'x^X'^^^ - Ar^[x^ x^, x]b^'x^x^-^^ 
-h.v^v^^^^[x^, x^\ x]x^^^b>'x^'^ - Ar^r"[x^, x^, x]x^-^^b>'x^ 

-iAr^-^^^ix^^ x^, A]x^^^x^*^^ - ^Ar"[x^, x^ x]x'-'''x'''^'' 

To summarize this section, we have found the 5*0(8) invariant fermionic terms to 
lowest nontrivial order in a' and they are contained in the sum of Eqs. (|5.23|) , (|5.26|) , 



6. A conjecture 

A striking aspect of our result for higher derivative corrections is that it can be 
written in a form that only uses basic objects of 3-algebras: the covariant derivative 
on scalars and fermions, and the triple product and [X^ ^X"^ ,X\. To 

leading order in derivatives we have written the complete answer, for both bosons 
and fermions, and we expect it is maximally supersymmetric (though we did not 
prove that here). 

Given this situation, it seems reasonable to speculate that the same derivative 
corrections are relevant to all 3-algebras with maximal supersymmetry, regardless of 
their signature. For Euclidean signature, this in fact only includes just one theory 
besides the ones we were considering, namely the Bagger-Lambert A/^ theory [Q*. 
Thus we conjecture that the action in Eqs. (|3.14|) , (|5.23| ),( p.26| ), ( ^.29|) also embodies 



the derivative corrections to the Euclidean 3-algebra A/^ theory. 

It may legitimately be argued that there is no concrete test of this conjecture 
given that we do not presently know how to compute derivative corrections to the 
"^More precisely we have t^'^^^p — 7^". Moreover one will drop all terms involving a'^(7^(9^A + 

*For arbitrary signature it is possible to construct more such algebras. In particular, algebras 
with (2,p) signature have been classified in We would like to thank Jose Figueroa-0' Farrill 
for a comment on this point. 
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membrane field theory starting from M-tlieory. However an important test in our 
opinion will be whether the higher-derivative theory we have constructed is really 
maximally supersymmetric. Since our Lagrangian inherits its entire structure from 
TV = 8 SYM, this must surely be the case. Assuming supersymmetry can be proved, 
it is most likely that the proof will rely only on abstract 3-algebra properties and 
therefore will go through in the same way for the A4 theory. 



7. Conclusions 

In this paper we have shown that the world-volume theory of multiple D2-branes in 
string theory, including both the J\f = 8 SYM part as well as the leading (bosonic 
and fermionic) higher derivative corrections, is equivalent by a dNS duality to a 
derivative-corrected Lorentzian 3-algebra theory. This generalizes the result in |]13 



to incorporate a' corrections. We see no obstacle in principle to extending this to 
any finite order in a' as long as the D2-brane action is known to that order. 

The result has the elegant feature that it depends only on 3-algebra quantities: 
the 3-bracket and covariant derivative. We have conjectured that it has more general 
significance than the context in which we have derived it. Extended supersymmetric 
CFT's in 3 dimensions appear to all depend on the 3-algebra structure (although if 
Af < 8 then some of the original 3-algebra assumptions need to be relaxed ||19|, 
Our results can be extended in a straightforward manner only to the Euclidean A4 
3-algebra but in the future, with extra work, it should be possible to extend them at 
least to the Af = 6 case. 



Note added: While this article was being prepared Ref. p9| appeared on the 
arXiv, in which a non-linear theory for multiple M2-branes has been proposed. Ear- 
her papers that might be related are [^, |3l|, ^ . 
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